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Abstr act. This note shows how iteration of the standard process of adjoining 
identities and zeros to semigroups gives rise naturally to the lexicographical 
ordering on the additive semigroups of n-tuples of nonnegative integers and 
n-tuples of integers. 

1. Semigroups with identities and zeros 

A binary operation * on a set S is associative if (a * b) * c = a * (b * c) for all 
a,b, c £ S . A semigroup is a nonempty set with an associative binary operation 
*. The semigroup is abelian if a * b — b * a for all a,b £ S. The trivial semigroup 
So consists of a single element Sq such that Sq * s = s . Theorems about abstract 
semigroups are, in a sense, theorems about the pure process of multiplication. 

An element u in a semigroup S is an identity if u * a = a * u — a for all a £ S. 
If u and u' are identities in a semigroup, then u — u * u' — u' and so a semigroup 
contains at most one identity. A semigroup with an identity is called a monoid. If 
S is a semigroup that is not a monoid, that is, if S does not contain an identity 
element, there is a simple process to adjoin an identity to S. Let u be an element 
not in S and let 

l(S,u) = SU{u}. 

We extend the binary operation * from S to T(S, u) by defining u * a — a * u = a 
for all a £ S 1 , and u * u = u. Then I{S, u) is a monoid with identity u. 

An element v in a semigroup S is a zero iiv^a — a*v — v for all a £ S. If « 
and t/ are zeros in a semigroup, then t> = w * v' — v' and so a semigroup contains 
at most one zero. If S is a semigroup that does not contain a zero element, there 
is also a simple process to adjoin a zero to S. Let v be an element not in S and let 

Z{S,v) = SU{v}. 

We extend the binary operation * from S to -Z(S', w) by defining v*a = a*v = v 
for all a £ S, and u * v = v. Then Z(S, v) is a semigroup with zero v. 

It is important to note that the process of adjoining an identity to a semigroup 
S is well-defined even if S contains an identity. Similarly, the process of adjoining 
a zero to a semigroup S is well-defined even if S contains a zero. 

The element sq in the trivial semigroup Sq is both an identity and a zero. In 
this note we investigate what happens when we start with the trivial semigroup 
and add new identities and new zeros. 
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2. Lexicographical order 

A relation < on a set S is a partial order if 
(Al) a < a for all a G S 

(A2) If a, b, c G S and a < b and b < c, then a < c 

(A3) If a, 6 G S and a < b and b < a, then a = o. 
The relation is called a iota/ order if it satisfies the additional condition: 

(A4) If a, 6 G 5, then a < 6 or b < a. 
We write a < b if a < 6 and a ^ b. 

Let S 1 be a partially ordered set and let {X s } s ^s be a family of pairwise disjoint 
nonempty partially ordered sets. We define a partial order on the set X = U<, e sX s 
as follows: Let x, y G X. We write x < y if there exists s £ S such that a, 6 G A s 
and a < 6 in A s , or if there exist si, S2 G S 1 with si < si such that o G X Sl and 
6 G X S2 . If 5 is a totally ordered set and if X s is totally ordered for each s £ S, 
then the set X is also totally ordered. We have constructed X by replacing each 
element of S with the set X s . 

Let < be a total order on S. If a, b G S 1 and a < b, we define min(et, 6) = a. We 
define a binary operation a*b on S by a*b = min(a. b). This operation has the 
following properties: 

(Bl) (a * b) * c = a * (6 * c) and a * b = b * a for all a, 6, c G S*, and so S is an 
abelian semigroup with respect to *. 

(B2) a * b G {a, b} for all a, b G 5. 

(B3) If a * 6 = a and b * c = b, then a * c = a. 
The binary operation on S defined by a * b = max(a,6) also satisfies (Bl), (B2), 
and (B3). Conversely, if S is a semigroup whose binary operation * satisfies prop- 
erties (Bl), (B2), and (B3), and if we define a relation < on S by a < b if a * b = a, 
then < is a total order on S. 

Let N = {1,2,3...} denote the set of positive integers, N = N U {0} the set 
of nonnegative integers, and Z the set of all integers. For every positive integer n, 
we let Nq and Z™ denote the sets of n-tuples of nonnegative integers and integers, 
respectively. These are abelian semigroups with respect to the operation + of 
ordinary vector addition. 

We define the lexicographic order on Z" as follows. Let (it, . . . ,i n ) G Zg and 
0'i,---,in) G Zq\ We define (ii,...,i n ) < (jt,---,j n ) if either (it,...,i n ) = 
(jt, ■ ■ ■ ,j n ) or if (it,---, in) ^ (ji,-- - ,jn) and i k < jk, where k is the smallest 
positive integer such that ik ^ jk- Lexicographic order is a total order on Z" and, 
by restriction, on Nq. 

A total order < on N l is called a monomial order if it is a well-order, that is, 
every nonempty subset of Nq contains a smallest element, and if, for all a, b, c G Nq 
with a < b, we have a + c < b + c. The lexicographical order is a monomial order 
on Nq (Cox, Little, O'Shea Section 2.2]). 

The object of this note is to show that, starting with the trivial semigroup and 
iterating the process of adjoining an identity, we obtain the set Nq with the lexico- 
graphical ordering. If we adjoin infinitely many identities and infinitely many zeros 
to the trivial semigroup, we obtain the set Z with the usual ordering. Replacing 
each element of Z with a copy of Z generates Z 2 with the lexicographical order- 
ing. Iterating this process finitely many times produces Z™ with the lexicographical 
ordering. 
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3. Iteration of the process of adjoining an identity 

Let 5*0 = {so} be the trivial semigroup. For si ^ so, let Si = 2~(So, si) = {so, si} 
be the semigroup obtained by adjoining the identity Si to So- Then so * si = 
si * s = s and s\ * Si = Si. For s 2 ^ s , Si, let 5*2 = 2" (Si, s 2 ) = {s , Si, s 2 } be the 
semigroup obtained by adjoining the identity s 2 to Si. Then Sj * s 2 = s 2 * Sj = Sj 
for z = 0,1,2. Continuing inductively, we obtain an increasing sequence of abelian 
semigroups 

S C Si c S 2 c • • • c S fe c • • • 

such that 

Sfe = {s ,si,s 2 ,...,Sfe} 

for all k E N . Then 

OO 

T (1) = [J Sfe = {s ,s 1 ,s 2 ,...,s i ,...} 

k=0 

is a abelian semigroup with the binary operation 

Sj * Sj — Smin(i ,j) 

for all i, j £ N . Note that so is a zero in the semigroup , but that this semigroup 
does not contain an identity. 

Define s ,i — Si for all i E N and let 

U (0) = {sq.o, S ,1,S ,2, S ,;, . . .}. 

Choose Sifi and consider the semigroup 

£/ (0) = J([/ (0) ,si, ) = {so,o,so,i,s ,2,...,so,j,...,si,o}. 
For all i,j G N we have 

s 0, i * S 0J = So,min(i,j) 

and 

So,i * si,o = So,i- 

Choose si,i ^ and let 

= l{UQ°\si t i) = {s , , s ,i, s , 2 , . . . , so,i, • • • , si, , si,i}. 
Iterating this process, we obtain an increasing sequence of abelian semigroups 

t/f ) c[/f>c[/fc...c(/fc... 

with 

= {s ,o, so, l, so, 2, ■ • • , so,;, • ■ • , si, , si,i, si, 2 , . . . , si,fe}. 

Then 

OO 

= U U k 0) = { S °> ' S 0,l, S ,2, • ■ • , S ,i, • ■ • , Si, , Si, 1, Si, 2, . . . , Si,i, . . .} 
fe=0 

is a abelian semigroup with the multiplication 

s 0.i * s 0,j = So,min(i,j) 
Sl,i * SlJ = Si iln i n (j ,j) 

and 

so,» * sij = s ,i 
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for all i, j G No. Iterating this process, we obtain an increasing sequence of abelian 
semigroups 

[/(O) g [/(i) C U {2) C ... C C ••• 

with 

ii=0 

such that 

oo 

T( 2 ) = |Jf/W = K ;i2 }~ i2=0 

is an abelian semigroup whose multiplication satisfies 

&ii ,min(«2 J2) ^1 ^1 

Sii,i 2 if «1 < jl- 

Again, iterating the process of adjoining identities to semigroups, we obtain, for 
every positive integer n, the abelian semigroup 

T(") — Is ■ 1°° 

with multiplication * defined by 

if cither (ii,...,i n ) = or if (ii,...,i n ) ^ (ji, ...,.?„) and i fe < j fe , 

where /c is the smallest positive integer such that ifc 7^ jfe . The binary operation on 
T^™) satisfies properties (Bl), (B2), and (B3), and so induces a total order on this 
semigroup. Since 

if and only if 

{ii,i 2 , ■ ■ -,in) < U1J2, ■ ■ -,3n) 
with respect to the lexicographical order, it follows that the process of iterated 
adjunction of an identity to the trivial semigroup has recreated the semigroup Nq 
with the lexicographical order. 

4. Iteration of the process of adjoining a zero 

We return to the semigroup T^> = {s , Si, s 2 , . . . , } with the binary operation 
Si * Sj — Sminfi jy Choose an element s_i such that s_i ^ Si for all i 6 N and let 

t[ 1] = Z(T^\s-i) be the semigroup obtained by adjoining the zero s_! to 
Then Si * s_i = s_i * Sj = s_i for all integers i > —1. Choose an element s_2 such 
that s_2 7^ Si for all i e N U { — 1} and let = Z(T^\ s_ 2 ) be the semigroup 
obtained by adjoining the zero s_2 to t[ X \ Then Si * s_2 = s_2 * Si = s_2 for 
all integers i > — 2. Continuing inductively, we obtain an increasing sequence of 
abelian semigroups 

T (i) c T « c T 2 (1) C • • • C C • • • 

such that 

= {s_ fe , s-k+i, ...,s- 1 ,s ,s 1 ,s 2 ,..., Si, . . .} 



* s 



31,32 



ADJOINING IDENTITIES AND ZEROS TO SEMIGROUPS 



5 



for all k £ N . Then 



yd) = (J T (D = 

fe=0 

is a abelian semigroup with the binary operation 



Si * Si 



for all i,j £ Z. This operation satisfies properties (B1)-(B3) and so induces a total 
order on V ^ . The semigroup contains neither an identity nor a zero. 
Let Si 1 .i 2 = Si 2 for all ii,i2 € Z and consider the set 

^-s il = { s ii,i 2 }i2 = -oo 

with the total order defined by s ili2 < Sj 1; j 2 if 12 < j2- Then {.X^ } s . e y(i) is a 
family of pairwise disjoint nonempty totally ordered sets. Replacing each element 
Si ± £ with the set X S4 , we obtain the totally ordered set 

where < Sj 1)i7 - 2 in V' 2 ' if either ii < j\ or *i = ji an d «2 < J2- 

Defining s ili2i3 — s i3 for all i\,i2,iz £ Z and replacing each element Sj 1( j 2 of 
with the set X Si A = {si lt i 2 ^ 3 }°^ = _ 00 , we obtain the totally ordered set 

V (3) = II X = Is \°° . . 

with the lexicograhical ordering. Iterating this process, we obtain, for every positive 
integer n, the abelian semigroup 

V — \&i 1 ,2 2 ,...,i n Ji 1 ,...,i ra =— 00 

with multiplication * defined by 

Si 1 ,i 2 ,...,i n * Sji,j 2 ,...,j„ = Sii,i 2 ,— ,i n 

if either (ii,...,i„) = (ji,...,j„) or if (ix,...,i n ) / (ji, • • ■ ,in) and i k < j k , 
where k is the smallest positive integer such that ik ^ jk- The binary operation on 
V^ n ' satisfies properties (Bl), (B2), and (B3), and so induces a total order on this 
semigroup. Since 

s ii,i 2 ,...,i n * s ji,j2f.,jn = s ii,i2,---,in 

if and only if 

*2, ■ ■ ■ ,in) < (juh, ■ ■ -,3n) 

with respect to the lexicographical order, it follows that the processes of iterated 
adjunction of identities and zeros to the trivial semigroup and iterated replacement 
of partially ordered sets produces the semigroup Z™ with the lexicographical order. 
In this way we have created something from nothing. 

Remarks. For more information about the general theory of semigroups, there 
are excellent books by Clifford and Preston 0Gj, Howie @|, and Ljapin 0- 

I wish to thank Richard Bumby for helpful discussions on this topic. 
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